Topological Coding and Visualization Grammar
of the Developmentof C. elegans

A. Kramer
Dept. of Biochemistry
Universityof Kiel
OlshausenstdON11,
D - 24098Kiel, Germary
akraemer@biochem.uni-kiel.dédce.og

Abstract

Thispaperreportson the developmenbf a methodo build

a mathematicamodelfor a growing biological organism.
A tiny worm called Caenorhabditiselegansis chosenas
paradigm. The problemof describingbiological develop-
mentby mathematicalmeansis addressed. After an ab-
straction processthe organismis embeddeéhto a suitable
vector space For this purpose a vector spaceschain is

build in which topological modulesof the object are de-
scribed.Thevectorspaceopology maybecharacterizedoy
simple sets.Thestructute of the simple setsis normalized
andits connectivityis usedasa compactdescriptionof the
development. Developmentof biological organismstakes
placein 4D (3D spaceandtime). The3D scenesodemay
be a characteristicpatternandto reconstructhe object. It

canbe subjectto operationsand the resultmaybe usedto

constructa new sceneor the next stateof development.A

bio-applicationnamed* Topolagizer” is being developed
(using VTK) to supportthe mathematicaldescriptionand
analysisof the organismgyrowthin a massiveparallel and
distributedprojectapproach.

1 Intr oduction

The growth of biological organismgowardstheir complex
morphologyis governedby rules. The developmentof a
worm, the nematodeCaenorhabditi®legansfrom the egg
to the adult stagesenesasa model. Caenorhabditi®le-
gansis agoodmodelorganismfor this projectsincethis or-
ganismtakesan extremepositionin termsof development
characteristicén its species.The adult nematodeconsists
of aconstannhumberof cells (hermaphroditehave 959 so-
matic nuclei and male have 1031) with invariantcell lin-
eage[SSWT83. The developmentfor the group of male
follows the one pattern,asthe developmentfor the group

of female(hermaphrodited,e maleandfemalein one)fol-
lows anotherpattern. Besidesthe chromosomaDNA of
this organismhasbeencompletelysequenced;(with asize
of 8 - 107 nucleotidepairswhich is eighttimeslarger than
yeastSaccharomyceand about one half of the fruit fly
Drosophila)-which is as well the casefor somebacteria
andviruses. The humanchromosomabDNA is saidto be
sequencesompletely however the methodsapplied pro-
ducean averageerror of = 3% in theresults,which is not
thecasewith the DNA sequencef Caenorhabditielegans.

The nematode(C. elegans)is a small worm of =~ 1.3
mm lengthand a diameterof ~ 1/20 of its length. It is a
hermaphroditeand producess 300 eggsduringits life. It
is easyto cultivatein the laboratoryon agardishesinocu-
lated with bacteria(Escherichiacoli) asfood. An egg has
alengthof ~ 60 um anda diameterof~30um. For more
details,seehttp://mormbase.ay.

1.1 Previouswork

The developmentin three spacedimensionsandtime has
beenwell studiedby [Se97 and[RJJIB99].The geneticap-
proachis implementedby [Se97, wherecells aretracked
in spaceandtime after geneticmanipulationsare applied.
A very promisingapproachs choserby [Hea01], wherea
syntheticdevelopmentmodelis constructedy visualizing
thefusedsetof all availabledata(e.g. geometricaswell as
chromosomatlataareconsidered)With the developedool

impactsof DNA manipulationsanbevisualizedsadlythe
tool is not freely avaiorgasismdable. However, it is still

notknown how growth rulesandmorphologicaktructureis
codedon thechromosomaDNA.

1.2 This work

As statedabovethis paperaddressetheproblemof describ-
ing or coding biological development. It begins with the



dataacquisitionandendsup at a descriptionof 3D and4D
scenewith anormalizedncidencematrix. Theanalysishas
thereforebeenstructurednto sections:

e A: Geometry Segmentatiorof the egg into a growing
mosaicof cellsis usingthe easilyrecognizechucleus
of eachcell. The position of the centerof eachcell
nucleusis representatie of thecell.

e B: Topology A eigen-\ector spacewith coordinate
systemis introducedsuchthat the developmentas a
setof algebraicoperation®n segmentsis describable.
Theadjacenyg of the cell is approximatedy a Delau-
naytriangulationandVoronoitessellatiorof thenuclei
of theeggsin 3D and4D.

e C: Pattern. In the above vectorspacethe relationbe-
tween4D segmentsof developmentare characterized
andthe attemptis madeto understandheseasbeing
assembledf lower dimensionaltopological objects
(i.e. simplex sets).On the otherhandmatrix methods
areappliedto discoverregularitiesin the development
of thestructure.

1.3 Computational geometry

Throughoutthis work a set of computationalgeometry
methodis applied which is commonto the aresof pat-
tern recognition and visualization. The Delaunay and
Voronoi algorithm is well known and a huge amountof
work hasbeendoneon e.g. dynamicdelaunayalgorithms
since[ME96] and[ELZ00]. The descriptionof 3D scenes
andtheir developmentin 4D can be well performedwith
e.g. the tensorvoting method [MTLOO]. Tensorsand
groupsof tensorsmay characterizehe objectsproperties,
synthesizingtheseto evolving segments. Distinct ele-
mentmodelingcombinedwith dynamicdelaunaytriangula-
tion [FMLOO] implementsadiscreteelementlgorithmwith
reducedcomputationatost. * Thesearemethodsto visu-
alize the propertyof a sceneor to run the simulationof a
given modeland may be employed aswell in the coming
work.

Sincevisualizationis not the primary topic of this work
but the constructionof a modelis, we have to overcome
someshortcoming®f puredescriptve andphenomenolog-
ical algorithmswhile wetry to reducethe obsenationof bi-
ologicaldevelopmentgo the setof relatedprimativesmeet-
ing theabove modelsrequirements.

11t is anumericattechniquewhich solvesengineeringroblemshatare
modeledasa large systemof distinctinteractinggenerakhaped deform-
ableor rigid) bodiesor particlesthataresubjectto grossmotion.

1.4 Micr oscopicdata

An egg taken from the nematodeis placedin a micro-
scope(Nomarski Differential InterferenceOptic or Laser
ScanningConfocalMicroscope)/1500timesenlagedand
scannedin spaceand time. A time sequenceof such
(~1700)3D-stack$orm a 4D dataseti.e. a movie in 3D
format. The datasetrepresentshe developmentof anegg
from its zygote(onecell) stateuntil prior to hatching(x540
cell state).

1.5 Thecelllineage

The remarkablefeature of the C. elegansdevelopmentis
the invarianceof its cell lineage and the constantnum-
ber of cells, of which the worm is madeup (for details
see“http://elegans.swmed.edu/")The dataof the cell lin-

eage has been gatheredin a databaseand may be dis-
playedasa tree structureby a computerprogramof SIMI

Inc. (“http://www.simi.net”). This programnot only allows
to display but alsoto modify dataof the database.The
databases so organizedthat eachrecord holds dataof a
specificcell, i.e. the nameof a cell; the time of birth; a
referencdime; thearrayof time position;andotherdata.

1.6 The adjacencyof cells

Thecell lineageshovsthetime or causakequencé which

cells divide and exist during the developmentof the egg.

Thetime framein which the cells devision a takesplaceis

followed by a time framein which (a topological)sorting
processf cellsis obsened. Cells begin to move through
theeggto take theirfinal functionalposition. This phenom-
enais nota priori encodedn thelinagetree,sincecellsdo

not remainat the placewherethey areborn, andits asnot

necessarilgoveredby ontogety or phylogery 2 Thenuclei

of the cellsareclearly visible in the microscope.Their po-

sition in spaceandtime of division canbe monitored.This

allows the definition of a distancematrix betweerthe indi-

vidual nuclei. For the seven cell stateof fig. 1 thedistance
matrixis givenin tah 2

2j.e. thedevelopmenbf theanimalembryoandyoungtracesheevolu-
tionary developmentof the species The theorywasinfluentialandmuch-
popularizedearlierbut hasbeenof little significancein elucidatingeither
evolution or embryonicgrowth. Haeclel's Law (1866): Ontogery recapit-
ulatesphylogely, i.e.,anembryorepeatsn its developmenthe evolution-
ary history of its speciesasit passeshroughstagesn which it resembles
its remoteancestors.(Embryos,however, do not passthroughthe adult
stagesof their ancestorspntogely doesnot recapitulatephylogely (i.e.
the history of the evolution of a speciesor group, especiallyin reference
to lines of descentindrelationshipsamongbroadgroupsof organisms.).
Ratherontogery repeatsomeontogen - someembryonicfeaturesof an-
cestorsarepresenin embryonicdevelopmentiWol91])
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A (top panel):Movie of a Ball-stick modelin the 7 cell stage.
Theball areat the positionof the nuclei. The sticksconnectballs
of cell neighborsas obtainedby Delaunaytriangulation(mouse
click on the picture runsthe movie) . B(bottomtable) Distance
matrix of A

The squareof Euclideandistanceis dfh_’nj = (Tn; —
Z0;)? + (Yni — Yn;)? + (2n; — 2n,;)? betweemucleusn;
andn;. Thevalued,, ,,; is enteredatthe element(i, j) in
the distancematrix tabletah 2. This matrix is symmetric
with zerosat the diagonal. The distancematrix givesthe
distancedetweerall nuclei. Of particularinterestfor cells
aretheir neighboringcells. The mathematicatonstruction
of Delaunaytriangulationproducesa relationshipbetween
the nearesneighbors(see[GR97]). It connectghe nuclei
suchthata netof triangles(in the plane)andof tetrahedron
(in 3D-space)esults(seefig. 1). No nucleilies within a
triangle or tetrahedronand even no nuclei lies within the
enclosingcircles or spherethroughthe points (or nuclei)
forming thetriangleor thetetrahedronThe matrix table2
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Connectity matrix for figure 1

may be simplified in this caseto give the adjacenyg or
incidencematrix. (seetable 3). The entry of this matrix
aregivenby therule: “if two nuclei(points)areconnected
in thetriangulationnet,a 1 elsea 0 is enteredasa matrix
element”.Also this matrixis symmetricwith onesthediag-
onal.

This adjaceng matrix maynot reflecttherealneighbors
of thecell harboringthe correspondingpucleisincethe nu-
cleusmaynotbethecenterof cell nature.Thetriangulation
only approximateshe generatiorof cellsin nature.Never-
thelessijf thereis no moreinformationavailable,thenthe
positionof the cell nucleiit is a goodapproximatiorto re-
ality. For the establishmenof the real neighborhoodthe
hulls (membranesdf the cellsshouldbe known to touch.

1.7 Representationof structuresin a vector
space

To meetthe modelsrequirements$or the descriptionof pat-
ternsin the development,a “vector spacechain” with co-
ordinatesystemis introduced. The abstractedrganismis
embeddednddescribedn this space And its development
canbedescribedvith the boundaryoperator

Construction of a vector spacechain with a bound-
ary operator: The Delaunaytriangulationforms a vector
spacesetwhereall tetrahedrorform the baseof onevector
spaceall triangle (i.e. the surfaceof tetrahedronform a
basisof anothervectorspaceandall lines connectingthe
nucleiform the basisof a third vectorspace.Thesevector
spacesaretransformednto eachother by boundaryoper
ations. The boundary(or surface)of the tetrahedrorcon-
sistsof triangles(i.e. the facetsarebasisof the next vec-
tor space). The edges(lines) of the circumferencetrian-
glesarethe basisof their next vectorspace.The endpoints
(surface)of theline finally leadto anendof this sequence
by contractingto pointsan basisof a vector spacechain.
For detailsof their mathematicatonstructionsee[OD71].
Mathematicallyeachvectorspacehasanexisting co-vector
space.For the Delaunaytriangulationthe Voronoitessella-
tion is the dual or co-vectorspace. The dimensionof the
vectorspaceandits co-spacesumin the geometricatepre-
sentatiorof thed-dimensionaspaceo d. In theexampleof
the egg the co-spacdo the nuclei (points)is the biological
cellasa 3D volume.Eachline of connectiorbetweemuclei
in the Delaunayspacecorrespondso the areaof a cell sur
face(membrane)wvhich both cells (or nuclei) sharein the
co-spaceof Voronoi. Eachtrianglein the Delaunayspace
correspondso aline in the spaceof Voronoi, thatis partof
theborderof sharectell surfaceqfacetof connectedells).
Eachtetrahedrorof the Delaunayspaceproducesn the co-
spaceof Voronoianendpointof thelinesjustmentionedlin
this picture,thevisible cell with its wall (membranejs part



of theco-spacef Voronoitessellatiorwheretheinnercon-
structionof the nucleiandskeletonof cell maybeassigned
to the spaceof Delaunaytriangulation.

The coefficientsin the vector space: Now the cell
structurein the egg canbe represente@dsa vectorin each
of thesespaces.The vectorspaceof lines (Delaunay)has
ascomponentgcoeficients)of the vectorthelengthof the
lines (distancesat Delaunaytriangulation). The triangles
have their areasandthe tetrahedrortheir volumesascom-
ponents.For the Voronoitessellatiorthe co-spaceof cells
hasthe volume of eachcell, the co-spaceof contactsur
faceshasthe areaof the surfaceandthe co-spaceof lines
hasthelengthof eachline of the polygonssurroundinghe
contactface of the cell as components.All thesevector
componentsiredependenti.e. interrelated)which maybe
verifiedsincethe Delaunayaswell astheVoronoistructures
may be reconstructedrom the distancegseetah 2). This
openghe possibilityto setconditionsnotonly for line com-
ponents(asdistanceshut for the whole setof coeficients
usedto describethe structureor phenomenonin the devel-

opingegg.

1.8 The developmentin 4D

The representatioin Delaunaytriangulationand Voronoi
tessellatiommay be straightforward extendedinto four di-
mensiongspaceandtime) or evenhigher Thereareseveral
kinds of characterizatiorof the developmentof the egg in
4D by coordinate®f points(i.e. the point of nucleicenter).
Oneway is to assigneachcell (nuclei), “as time”, the divi-
siontime andasspacethe coordinates.The spacecoordi-
natesof centerof nucleijust prior to division arecausalde-
velopmenstatesThatis aroughapproximationput allows
to getandcheckthe propertiesderivedfor the cell lineage
andthe cell structurein 3D space. The developmentmay
subsequentiperefinedto displayintermediatestates.The
4D representatiotis hardto visualizebut advantageousn
a systematidreatmentase.g. an abstractiona reconstruc-
tion or to find regularitiesase.g. growth rules. These4D
regularitiesmay be understoodas developmentstructures
assembledf lower dimensionakimplex sets.

Another possibility to describethe developmentis to
abandorthetime conceptandusea parameterizeflinction
of boundaryoperations. To implementone stepin devel-
opmentfrom stateA — B (i.e. atopologicaloperationis
appliedto the object)we do simply obsene the boundaries
of the two statesdevelopment.Comparingthesefacetsets
resultsn afunctionfor facetoperation More exactthefacet
setof & = AN B is thedifferencebetweenstateA and B.
Since A and B areentitiesin 3D, their boundaryfacetset
d is thatwhatrepresentshedevelopmentn 4D. This func-
tion canlater be derived whenthe normalizedconnectvity

matricesaredealtwith. The parameterizedacetoperation
function is the topologicalcounterpartof the abose men-

tioned neggative entrogy productiondensity Furtherit ap-

pearsto be sensibleto considerin the following structured
or orderedfacetendsimplex sets.Algebraicsetoperations
canthateasilyformulatecomplec scenes.

1.9 Coding the topology

The objectsdataconsistsof a geometric(metric) part (i.e.
pointcoordinate®r distancesandatopologicalpart,which
describeghe connectvity within the object. The geometri-
cal dataarerepresentedsuallyby realnumbergpoint co-
ordinates)wherethetopologicaldataaregivenby relations
betweerabstractnames”(i.e. pointsarenumbered) Now,
the connectionevenin the 4D canbe representedsa se-
guenceof integersfor lines,poly-linesandpolygons(closed
poly-lines)andalsofor triangles trianglestrips(poly trian-
gles)andclosedtriangle strips (which arean equivalentto
polygons). This may be extendedto the tetrahedrontetra-
hedronstripsandclosedtetrahedrorstripsin the 3D space.
And furtherto pentahedronpentahedrorstripsandclosed
pentahedrorstripsin 4D space.In the 4D exampleof the
developmentof the egg, the pentahedrorstrip representa-
tion of the Delaunaytriangulationgives a very compact
representationThe connectvity of pentahedrorstructures
maybe codedin a matrix with simplicesasindex.

1.10 Matrix Coding of Simplices

The table 3 gives an examplefor the connectvity in the
sevencell stage. Cellsthattouch(connectlat atime (stage)
have a 1 asmatrix element.The matrix is symmetricsince
theassignmenof theendpointgo therow andcolumnis ar-
bitrary. A 2D-simple (triangle)maybe representeth that
theidentifying numbersof threepointsaretaken asthein-
dicesof amatrixwith 3indices.Also in this caseall permu-
tationof thethreeindicesresultin thesamesimplex entered
asal. In thesimilar a mannerthe connectvity for higher
dimensiongnay leadto a matrix representationThis rep-
resentatiomwill be normalizedby analyzingthe structureof
permutationgroupswhich the above type of connectvity
matrix is assignedo.

1.11 Connectivity Matrix of Simplices

Themethodof depictingtheconnectvity betweerpointsby

matricesmay be extendedto higherdimensionakimplices.
The simplices(e.g. a line) may be sequentiallynumbered
asin the former casethe vertices(nuclei). The numbers



assignedo the n-dimensionasimplicesmay be usedasin-
dicesto a matrix. If asimplex (e.g. aline) is connectedo
anothersimplex (i.e. a neighboringline), anentry is made
in the connectvity matrix. As in the former casethe con-
nectvity structureof n-dimensionakimplicescanbe visu-
alizedasdot plot. Analogouslythreel-simplicesbuild one
3-simplex (atriangle). Thetrianglecanberepresenteth a
matrixwith 3 indicesof thelinesandsofor theconnectvity
of the higherdimensionakimplices.This allows to visual-
ize connectvity structureof higherdimensionakpaceof
simplicesin alower dimensionafraph.

1.12 Dotplot visualization of 4D pentahedron
connectvity

The matrix representatiorallows the visualizationof the
connectvity by tools developedin matrix computerpro-
gram packages.The dot diagramin which eachnon zero
entry in the 2D matrix is printed by a dot at the position
given by the matrix indeces.By this plot the matrix struc-
turesbecomeclearlyvisible. Figurel shovs sucha matrix
structureof the pentahedroonnectvity of C.elegans.

Figure 1: 4D pentahedron connectity simplexmatrix for the
developmentof C.elegans.The matrix has45 pentahedron as
indicesand onedot is assignedvhentwo pentahedron are con-
nected. This representationof developmentis not jet unique.

1.13 Incidencematrix normalized by TDO

The algorithm “Tactical Decomposition by Ordering”
(TDO) permutesrows and columnsof the incidencema-
trix so that a normalizedmatrix results (see for details
D.Betten[BBTO01] and[BB99]). By this methodthe va-
riety of homeomorphianatrices(and their geometricrep-
resentations$s groups)are projectedto a uniqueform. For

a systematicrepresentatioror classificationof connectv-
ity in a network suchnormalizedforms are needed.Since
theincidencematrix becomedarge for increasingnumbers
of nodes(or cells) we do only considerthe 4-cell-, 6-cell-,
8-cell-, 12-cell-stagedere(seefig. ). A partof the devel-
opmentof the organismis expressedn the transformation
from the 4-cell-stageto the 15-cell-stagamy mappingthe
consecutie matricesto the next stageof development(i.e.
thegeometnyit represents)Sincethe matriceg(matroidi.e.
matricesonly with 0 or 1 entries)may be corvertedin a
geometrythe mapsdescribea developmentof a geometric
shapein space.In particularin 4D space(time and3D) a
tdo normalizematroiddescribegshe completedevelopment
of shape Also in 3D the sequencef mapsmay give infor-
mationaboutthe rulesthat governthe developingshapeof
anorganism.This aswell opensup anapplicationto search
in theabove 4D incidencamatrixfor acertainpatternor edit
the patternfor re- or for constructiorof the organism.The
experimentallyappliedbiochemicalmodificationto the or-
ganism thatresultsin a modifieddevelopmentwould have
herea unique“patternfood print” andthusaswell in the
associate@quationof development.The matricesarenow
vertically (row) indexed with simplex names,in this case
1D pointsnumberedL 2 3 andsoon. Horizontallythe ma-
tricesare (column)indexed by their connectvity elements,
i.e thosefacetswhichimplementthe connectvity.
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Figure2: TDO normalized incidencematricesrepresent
the connectiity betweencells and the development of
the 6—cell stage. —Aut— givesthe possible automor-
phism. The sequenceTDO normalized incidence ma-
trices, where eachstate is characterized by one matrix

describesthe development. Row indices are cells, col-
umn indicesare cell contacts. The number of rows gives
the cell stagein the egg The digits and letters at the
top of the matroid are a symbolic ascii sequencefor the
connectiity elementsstarting with 1. Given s the row
and column permutation of the original matroid order.
A square in a meshof grid meansthe cell is the row is
involvedin the contactof the column.



2. Summary and Conclusions

We like to shov how to describedthe developmentof a
growing biological organismin a consecutie sequencef
vector spaces. The methodemploys matrix operationsto
formulate(or code)thetopologicalcharacteristicef exam-
ineddevelopingstructuresn thevectorspacesequence.

Operationson normalizedincidencematricesleadto a
visualizationof building blocks (or modules),where one
building block may capturegeometricobjectsof common
function.

A softwareis beingdevelopedto analyzethe C. elegans
embryosgrowth procesdn real-time. It is possibleto de-
scribeembryosbiologicaldevelopmentandto comparede-
velopmentwith that of otherembryos.Thereforea control
criteriafor biological developmentis provided. This con-
trol criteriamay be usedto managean experiment,to esti-
mateits developmentor to abortan experimentin caseof
anC.elgansembryorunningout of control.
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